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Circuit theory has been tremendously successful in translating physical equations into circuit
elements in organized form for further analysis and proposing creative designs for applications.
With the advent of new materials and phenomena in the field of spintronics and nanomagnetics, it
is imperative to construct the spin circuit representations for different materials and phenomena.
Spin pumping is a phenomenon by which a pure spin current can be injected into the adjacent layers.
If the adjacent layer is a material with a high spin orbit coupling, a considerable amount of charge
voltage can be generated via inverse spin Hall effect, allowing spin detection. Here we develop the
spin circuit representation of spin pumping. We then combine it with the spin circuit representation
for the materials having spin Hall effect to show that it reproduces the standard results in literature.
We further show how complex multilayers can be analyzed by simply writing a netlist.
Spin pumping [1–6], unlike charge pumping [7], injects
a pure spin current into surrounding conductors. If the
adjacent material possesses high spin-orbit coupling [8–
11]), a considerable amount of charge voltage can be gen-
erated allowing the detection of spin current via inverse
spin Hall effect (ISHE) [12–15]. According to Onsager’s
reciprocity [16, 17], spin pumping and ISHE are the recip-
rocal phenomena [18] of spin momentum transfer [19] and
direct spin Hall effect (SHE) [20–23], respectively and it
gives us an alternative methodology to understand and
estimate the relevant parameters in the system.
Kirchoff’s circuit laws (current and voltage laws, re-
ferred as KCL and KVL, respectively) have been ubiq-
uitous in the development of the modern transistor-
based technology and there are commercial programs for
SPICE (Simulation Programwith Integrated Circuit Em-
phasis), e.g., HSPICE [24]. In this way, an equivalent cir-
cuit is constructed based on the underlying physical gov-
erning equations for simplified understandings and the
development of the complex designs [25]. For spintronic
circuits, the voltages and currents at different nodes are
of 4-components (1 for charge and 3 for spin vector) and
the conductances are 4 × 4 matrices (c − z − x − y ba-
sis). Such representations have been developed earlier
e.g., for ferromagnet (FM), normal metal (NM), FM-NM
interface, spin Hall effect (SHE) [26–28].
Here, we construct the spin circuit representation of
spin pumping. We deduce the 3-component version
since spin pumping injects pure spin current (without
any charge component) and show that it can reproduce
the established expressions in literature for effective spin
mixing conductance considering diffusive NM [4] and the
inverse spin Hall voltage due to spin pumping [10]. We
further employ such spin circuit for a complex structure
of multilayers and show that it simply reduces to an
equivalent circuit matching the mathematically derived
expression in literature [29]. Furthermore, we show how
to write a simple netlist to solve and derive the effective
spin mixing conductance for complex structures.
∗ royk@purdue.edu.
The expressions of spin current due to spin pump-
ing [3, 4] and spin battery [26, 30] due to a precessing
magnetization mˆ can be written, respectively as
~ISP =
~
2e
(
2G↑↓r mˆ×
dmˆ
dt
+ 2G↑↓i
dmˆ
dt
)
(1)
and
~VSP =
~
2e
(
mˆ×
dmˆ
dt
)
, (2)
whereG↑↓ (= G↑↓r +i G
↑↓
i ) is the complex (reflection) spin
mixing conductance at the ferromagnet-normal metal
(FM-NM) interface [31, 32].
Figure 1 shows the spin circuit representation of spin
pumping, with the conductances [33] (after the necessary
modifications [26, 27]) and spin voltage sources repre-
sented as follows.
[
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(6)
and [VS ] =
[
0 ~VSP
]T
,
2FIG. 1. (a) A precessing magnetization in a magnetic layer with uniform mode of excitation. This can generate a pure spin
current to the adjacent normal metals (NMs). Js is the spin current density, Hdc is the applied dc magnetic field, hrf is the
rf driving field, ω and θ are the precession frequency and angle, respectively. (b) Spin circuit representation of spin pumping
for ferromagnet (FM), NM, and FM-NM interface. The voltage source [VS ] acts as a spin battery, [G
1(2)
Int ] is the FM-NM
interfacial spin mixing conductances for the two interfaces. (c) The FM pi-circuit can be converted to an equivalent T -circuit.
(d) Two T -circuits can be joined to get an equivalent T -circuit of twice length. Note that the voltage sources in between the
two T -circuits get canceled out and thus the spin battery only appears at the interfaces.
where Gf = σmaglw/tmag, G
1(2)
n = σ1(2)lw/t1(2),
Gz = σzlw/tmag, G
z
sh = GzQ tanh(tmag/2λlong),
Gzse = Gz
(
P 2 +Qcsch(tmag/2λlong)
)
,
Q = (tmag/λlong)(1− P
2),
G
1(2)
1 = (σ
1(2)lw/t1(2))tanh(t1(2)/2λ1(2)),
G
1(2)
2 = (σ
1(2)lw/t1(2))csch(t/λ1(2)),
P is the spin polarization of the FM, GI and PI are
the FM-NM interface conductance and polarization, re-
spectively, λ1(2), σ1(2), and t1(2) are the spin diffusion
length, conductivity, and thickness of the NM1(2) layer,
respectively, λlong, σz , and tmag are the longitudinal spin
diffusion length, conductivity, and thickness of the FM
layer, respectively, and l × w is the cross-sectional area.
The following points should be noted from the spin cir-
cuit representation of spin pumping in the Fig. 1: (1) We
include the spin battery in the FM module since a mag-
net can be precessed without the connection of an NM
module. (2) Figs. 1(c) and 1(d) explain (see the cap-
tion) that the spin battery appears at the interface only,
which accords with the established physical concept in
literature [4]. (3) We consider the transverse components
(x−y) of the conductances entirely at the FM-NM inter-
3FIG. 2. (a) A precessing magnetization is pumping pure spin current to an adjacent layer possessing a high spin orbit coupling
and it generates a considerable amount of charge current due to inverse spin Hall effect (ISHE). Charge potentials are developed
at the surfaces marked by 1 and 2, while spin potentials are developed at the surfaces marked by 3 and 4. (b) Instantaneous
3-component spin circuit with the voltage source [VSP ] acts as a spin battery, [GSP ] is the interfacial spin mixing conductance
between the magnetic layer and the SHE layer. (c) A dc spin circuit with average spin polarization acting in the z-direction. (d)
The spin circuit for the spin pumping can be represented by either Thevenin-equivalent with a spin battery or Norton-equivalent
with a spin current source. (e) Reduced spin circuit with the SHE layer conductance represented by a single conductance. (f)
Spin circuit representing the effective spin mixing conductance with the SHE layer conductance included in it. (g) The charge
circuit for the spin-to-charge conversion by ISHE with the current sources Ic0 dependent on the spin circuit in the part (c), G0
and GSH are the conductances for the SHE and FM layers, respectively.
face ([G
1(2)
int ]), thus the transverse components of [G1F ]
are ∞. (4) We consider that the magnet is thick enough
(compared to the transverse spin diffusion length λtran,
which is a few monolayers for the typical transition met-
als) so that the transmission spin mixing conductances
are nearly zero, and thus we only consider the reflection
spin mixing conductances [4]. (5) For magnetic insula-
tors [34], σmag = 0, P = 0, σz (λlong) represents the
spin wave/magnon conductivity (diffusion length), and
the transmission spin mixing conductances are exactly
zero (i.e., the transverse components of [G1F ] and [G2F ]
are exactly ∞ and 0, respectively).
Figure 2 shows the 3-component version of spin pump-
ing and the generation of inverse spin Hall voltage in
the transverse direction due to the symmetry involved in
the system [10]. The instantaneous spin pumping [Fig-
4FIG. 3. (a) A precessing magnetization is pumping spins into two subsequent layers. (b) Spin circuit representation of the
corresponding layers. (c) Reduced spin circuit representation with a single conductance Gs representing the second layer. (d)
Reduced spin circuit with a single conductance GL representing both the layers. (e) Spin circuit representing the effective spin
mixing conductance with including the spin conductances of the multilayers.
ure 2(b)] in matrix form can be represented by [ISP ] =
[GSP ] [VSP ], where
[ISP ] = lw S˜
(
2e
~
)
~ω
4π

 g↑↓r
(
1−m2z
)
−g↑↓r mxmz − g
↑↓
i my
−g↑↓r mymz + g
↑↓
i mx

 , (7)
[VSP ] = S˜
~ω
2e


(
1−m2z
)
−mxmz
−mymz

 , (8)
G↑↓r = lw (e
2/h) g↑↓r , G
↑↓
i = lw (e
2/h) g↑↓i (g
↑↓ = g↑↓r +
ig↑↓i is the complex spin mixing conductance per unit
area), S˜ is the frequency dependent elliptical precession
factor due to thin magnetic film [35], the components of
[GSP ]
GnnSP = 2G
↑↓
r
(
1−m2n
)
n = (x, y, z),
GxySP (G
yx
SP ) = −2G
↑↓
r mxmz ± 2G
↑↓
i my,
GyzSP (G
zy
SP ) = −2G
↑↓
r mxmy ± 2G
↑↓
i mz,
GzxSP (G
xz
SP ) = −2G
↑↓
r mymz ± 2G
↑↓
i mx,
[G1] = Gλtanh
(
t
2λ
)
[I3×3], [G2] = Gλcsch
(
t
λ
)
[I3×3],
Gλ = σlw/λ, and [I3×3] is the 3× 3 identity matrix.
The spin circuit representation of average spin pump-
ing for a complete precession is depicted in the Fig. 2(c)
with the voltage source (or the current source depicted
in the Fig. 2(d)) represented by V DCSP = S˜
~ω
2e sin
2θ
(IDCSP = lw S˜
eω
2pi g
↑↓
r sin
2θ). Thus GzSP = I
DC
SP /V
DC
SP =
lw(2e2/h)g↑↓r . Note that first principles calculations
and experiments have shown that the imaginary com-
ponent of g↑↓ is negligible for metallic interfaces (i.e.,
g↑↓ ≃ g↑↓r ) [10, 36]. G
z
1 = Gλtanh(t/2λ), G
z
2 =
Gλcsch(t/λ). From Fig. 2(d), G
z
SHE = G
z
1+G
z
1G
z
2/(G
z
1+
Gz2) = Gλ/coth(t/λ). From Fig. 2(e), we get G
z
SP,eff =
GzSPG
z
SHE/(G
z
SP +G
z
SHE) = lw(2e
2/h)g↑↓eff . Hence, we
get
g↑↓eff =
g↑↓
1 + λ
σ
2e2
h
g↑↓coth
(
t
λ
) , (9)
which matches the mathematical expression derived in
literature [4]. The above equation can be backcalculated
to get the the bare spin mixing conductance g↑↓ with the
inequality (2e2λ/hσ)g↑↓eff coth(t/λ) < 1, since g
↑↓ > 0.
Note that g↑↓eff (and not the bare g
↑↓) can be determined
from the enhancement of damping in ferromagnetic res-
onance experiments [10].
Figure 2(g) shows the charge circuit for the gen-
eration of inverse spin Hall voltage [28] (VISHE =
5V c2 − V
c
1 ), which also considers the conductance GSH =
σmagtmagw/l due to current shunting through the mag-
net, if it is metallic. The charge current sources in
Fig. 2(g), depend on the spin potential difference between
the nodes 3 and 4 in the Fig. 2(c) as Ic0 = βG0 (V
z
3 − V
z
4 ),
where G0 = σtw/l, β = θshl/t, and θsh is the spin Hall
angle [28].
Applying KCL at node 1 of the charge circuit in
Fig. 2(g), we get Ic0 = (V
c
1 − V
c
2 ) (G0 +GSH) and hence
VISHE = −β
(
G0
G0 +GSH
)
(V z3 − V
z
4 ) . (10)
To calculate (V z3 − V
z
4 ), we apply KCL at nodes 3 and
4 of the spin circuit in Fig. 2(c), and we get
V z3 =
Gz1 +G
z
2
D
V DCSP G
z
SP , V
z
4 =
Gz2
D
V DCSP G
z
SP , (11)
where D = (Gz1 +G
z
2) (G
z
SP +G
z
1 +G
z
2) − (G
z
2)
2
. From
Equation (10), we get
VISHE = −
θSH lλeS˜ωg
↑↓sin2θtanh
(
t
2λ
)
2π (σt+ σmagtmaag)
(
1 + λ
σ
2e2
h
g↑↓coth
(
t
λ
)) ,
(12)
which matches the mathematical expression derived in
literature [10].
Figure 3 shows spin pumping in two subsequent layers
and the corresponding spin circuits to determine the ef-
fective spin mixing conductance of the whole structure.
The spin conductance of the NM layer 2 in the Fig. 3(c)
can be determined as Gs = G
s
1 + G
s
1G
s
2/(G
s
1 + G
s
2) =
Gsλtanh(t
s/λs) where Gsλ = σ
slw/λs and the whole spin
conductance of the two NM layers can be written as
GL = G1 + G2(G1 + Gs)/(G2 + (G1 + Gs)). Accord-
ingly, we get
1
GL
=
1
Gλ
Gλcosh
(
t
λ
)
+Gsλsinh
(
t
λ
)
tanh
(
ts
λs
)
Gλsinh
(
t
λ
)
+Gsλcosh
(
t
λ
)
tanh
(
ts
λs
) , (13)
where Gλ = σlw/λ and this expression matches the
mathematical expression derived in literature [29]. For
more complex multilayers, the analytical expression is
tedious and this explains the prowess of the spin circuit
approach. We can simply write a netlist (see the node
numbers in squares in the Fig. 3(b)) as follows for the
two layer case.
conductances = [1 2 GSP ;
2 0 G1; 2 3 G2; 3 0 G1;
3 0 Gs1; 3 4 G
s
2; 4 0 G
s
1]
voltageSources = [ 1 0 VSP ]
With a circuit solver, we can solve for V z3 (also the 3-
component circuit in Fig. 2(b) and and the 4-component
circuit in Fig. 1 can be solved in general) and using
(VSP − V
z
3 )GSP = VSPGSP,eff , we can determine the
effective spin mixing conductance of the whole structure
GSP,eff (shown in Fig. 3(e)) as
GSP,eff =
(
1−
V z3
VSP
)
GSP . (14)
To summarize, we have developed the spin circuit rep-
resentation of spin pumping and have shown that such
representation accords to the established mathematical
expressions in literature. Such circuits can be simply
solved analytically and when more complex they can be
solved programmatically to analyze and propose com-
plex devices. We have not considered conductance for
the interfacial Rashba-Edelstein effect at NM-NM inter-
face [37] or any significant interfacial spin memory loss
at FM-NM interface, on which (and also on spin diffu-
sion length, spin Hall angle) there is controversy [38]. It
needs to also carefully consider the low-thickness regime
and the effect of magnetic proximity effect [39]. The spin
circuit presented here has immense consequence on the
development of spintronic technology.
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